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1
. Symplecte : Flexibility v. S. Rigidity

Def1 weM) symplestic of
D dw =o

② non-degenerate

Rk1 = dimm even

· Flexibility

Thm1 (Parboux)

-PESM, c) ,
E local chart (4 , X1, /x- Un >Yn) S

.t .

W= dindyion

Rinkz (i) No local invariants
like curvature.

-

(vi)Thus
is proved using Moser's trick.

(iii) More "flexible" results are obtained using h-principle.

e.g. On open mfds ,
existence of symp.

str.

= existence of almost complex str.

· Rigideity

Pe2 (Symplectic embedding

4 : (M ,wil>M , wal / g
*

We =I ,
denoted by SM , wil &J, wal

#Notations : B2(a) = GEEC/EP>* 1
y equipped with Wo-dindy

=2(b) = B
=

(b) x (2n-2

Thm2 /Gromov nonsqueezing) Rmh3 Proved using J-holomorphic curves.

EB2a) < (h) off a = b
.



2. Symplectic Ball Packing

9) JM,)
Volume constraint: VOSSB) Vol(M, w=m

assumption
Question 1 Does symp . str· impose

other obstructions ?

-

Rmkt Also proved using
Thm3 /Gromov Two Balls)

-

- J-hol , curve.

E BM1)#B*xa) & BYSR) = Xi +A < R
.

/

Ref N = Ex0LEBAM
UN (M ,

w) :

=sup NoLBS
If Un = 2

, say (M ,w) admits a full packing (of N equal-sized balls).

Thm4 (McDuff-Potterovich94 ,
Biran' 97)

=>

(M ,
c) = (B41) , wo

e
&mk5 For N/9 , I packing obstruction as in isometric case frigid

N59 , I full packing as in volume-preserving caseflexible



· Blow-up & down in symplectic category (B15) = GzED"/115/in this

(1) Blow-down : Remove exc .

dir
. & glue in a ball section)

1 = y = 051) WFS= 65fj , fi(z) = logBey)
↑↓ Xpr on Hi = Szj +04 = D1pm-1

JK", w
. ) (Ph, WFs)

/kpiWFs = T Fabini-Study form

Given 2C" > (MW) / NEEL and why symp

Since ba SCP4 = 1
, using symp.ubhd the & Moser's

trick

=> Enbhd (3 ,
w)(15),x

where (3)=(B() = &(TN) , z)E6="/11El
M

wx=wo + x-pr
*wiszeh) ,

T is determined by5=Sep,
↓line CIP' = Z

.

-Lemmg1 (T.
1 . 1) in [MS))

63(9)1Z,x(BK2) (B()
, wo)

E4 Blow-down of M along 3 : 2 (M-UI)UBI)
f

It's independent of E.

12) Blow-up : Remove a symp,

ball &collapse the G Nia S- CPA-1
Hopf

4 : B(x) E (M , c)

By Thmb .
1 . 6 in [MS] , we can extendfo to BD) & /M,2)



1Defs My := (MIX(BN)#LS/ , My := WonMB
where ([z) , z) ~4 · :)

N A

L(E) 12 M . fB(A)

Ey , Top 1 is a symplectic blow-up of >M , w) of weight x.

It's independent of choice of extension of t.

Rmk6 Blow-down : Topology ↓ ,
Volume ↑

-

Blow-up : Topology ↑ ,
Volume +

zu

P :M complex blow-up at p ,
w symp .

str
.

on M compatible us

Bix) Mw) .

Then the symp blow-up
can be performed compatible

01- p ws the clx blow-up
.

such that the symp , form o on in has [n] = &* [c] - Exe

Here e = PDIEL exc . div.

and c, ()=*
(110) - M-1) e.

See [MS $7 . 17 for details.



· Sketch of proof for Thm4 : Settings ·

XR -> KIP2 complex blow-up at pts .

XR ** IP #Raton

& ↳ ,
El

, " Enh canonical bases of Hr(Xi *)

↓ PD

& I , e,
. .

., en/ bases of H(XR :2)

k

Write (dim) = (d ; m, . ,Mp) : = db-I miti
i= 1

Mij) = (M ; a, -.., Ar : 2 Ml-dili
k

Nall, k = 3-Ei = P(X

6k(XR) . = [x-H2(XmiB)/ <20
,

E symp . wer/ [r] = x and G()=PDS)

Ek(XR) = GECH2Xmi()(k . E = 1 , E - E = -1 ,
ESXRw/[S] = El

Ew(XR) = GEtHz(XmiBI)E · E = -1
, E symp .

S -Xbey [s] = E3

Def6 (Cremona transformation)
-k > 3

,
Cr : 1BIth-> 1BtR

, (X0ix , ..., Xk) + - (2xo - xi- X2-

Xz : Xo-X2- Xy ,
Xo-X:

-X3
,

Xo - X,
- X2 , X4, , XR)

JX0 ; X1, ..., XR) is ordered of X13. ... >, Xk

Standard Cremona more : (Xoi7)- ordering ofCoin)

An ordered vector (Xo ; X , ... ,Xr) is reduced of XoYX1 + X2+X) and Xi30 (i)

& Cr is the reflection in the (2)-class R = 3 - El-En-Es



· Construction & Obstruction of Ball Packing via J-hol-curves

Lemmaz (Inflation ,
Lalonde-McDuff)

(MYw) symp.mfd .

AtH2(MiR) / Also and I closed symp. surface C&M

S .
t

.

[c] = A = [w] + SPD(A) has a symp . rep . for ES30
.

Taubes-Seiberg - Witten Theory
· M closed oriented smooth 4-mfd/ b(M) =

0 : orientation of HIM) #HIN)
SW : SpinGM)

-> z

$1- SWSM ,
0 , p, $) P : Cht. component ofp : SAEHsMis] asol

· <Conjugation) SWCM ,
0
, p, F( = +1) SWIM ,

0,p, T)

· (Wall-crossing) If CITic> 2 XIMl+36(M) and MSMilB)=

then SW(M ,
0,p,T)

- SN/M ,
0
, -P> T) = 1

Here o is the orientation of HEIMTIR) induced by -p

.

#m5 (Tambes)

smt,w) closed symp . / b = 1 Then SWSM ,
Ow , Pr , Tw) =

GrJM ,
w

,A)" = "#95-hol . curves rep . A -Hz/M; z). through marked ptsby

# Jhi-Lies)

JN4, 2) closed symp/ b(M)
= c .

ACH2(MiC) Sit . A . E 3-1
,
FEE Su

Here Ew = GE-Hz(Mil) /EE = -1 ,
E symp.

S'rM / [S] = El

Then SWCM, Ow , Pr, Tw ,
PDAs) = GrJM ,

c, A)



Cor 11) STaubes)

Xh = k-fold complex blow-up of DIP us symp. form We

Satisfying c . (W) = PD1L-E .
-

... - EK) and [W] JEj) 20 (fj

=> h is wep , by a symp ,

emb
.

52.

12) SLi-(in)

(MT, c) closed symp .

E-H2/M ; z) satisfies E . E = -1 and CW)(E) =1

IfE sim rep .
E

,
there symp .

SIM rep .

E
.

In particular , Ess(h)
= Ew(h) if (c) = K ·

(3) (Kronheimer-Mrowka, Taubes)

& H2(XmiD)530 , &IE7 > O forNEESKIXm)
-

=> - symp. form 10 on XM /Cycl = <XXR) ,

= neIN s.
t

. PD(na) can be rep . by a closed out . symp , surface.

Pf. of Cor 111(2) can be found in [MS , $1 . 3)

[Symp(Yn) : = &At HEXmi) E symp · form on Xm +r/Clw =Al

Thm She(i)

Deff(Xm) acts transitively on Esymp(Xk)

See [MS , Example 13 . 4 .4)



#8 S :=
i) =Ml-ZailiMEmiR) TFE

(1)EB4 B4yu

(2)a = Ex(Xm)

13) <20 and X(E)30, EE Ex (XR)

R

(4) /all &M , 9. ... - @l30 ,
I Aimi sud for (d) satisfying :

k

&, micLo , Mi =3 m
and reduces to 10:0 , .... 0

, -1) under Std. .

Cr
.

moves.

#mk8(4) 14)
al,

"

, 9p30 , Pallem,Aimed

for (d , in) Satisfying &
,Mic,Mil - did

Assuming Thm 8 ,
we can prove

The 4 :

↓ (dim) E(XR) ,
RIdF) =hmmil = Bd-1)= 926d+

①k18 = # Ek(Xk) < X

Up to reordering of in, elementsofEp(X) are i

10 ; 0 ..... 0
, -1) , Stik) , (2 ; /45) ,

Biz ,
146)

,
14,
2x3

, (x5)

15 ; 2x6
, 1) ,

66; 3
, 247)

So one can apply()()13) to compute Up for 628

D k > 9 Let (i) = (E; 1,(1)

& my = 3 d-1[Sed Apply (4) = 11) WegetBEN
i= 1



Pf. of Thm8 ssketch) :

k

6) () (2) : It suffices to show:Bail BHM) iff Mile <k(Xm)

(Nontrivial . See [Schlenk] .)

IfRBY
Anup JXR , W) / [W] = Sia)

· stru,)" =M2-HI ,
C . Swal = G(Xm) JSee [Ms, 57. 11)

=> (Mia) ((((Xk)

Conversely ,
E symp . form cponXm/ [cp] + [p(Xm)

Lilin E symp Sphere Si
- --

, Sk - Xp rep - Er ,
" El
- disjoint

Taubes

=> [Wa](Eik < o (Fe) = E symp . Spheres = Xp rep .
6

blow down Si (CIP2,
S

,
w) ICIPY, CIP

, wal-)
(A4(

=>RaiI !w(A3)

(2) <E (3) :

Symp .

Nakai-Moishezon criterion :

Cp(Xm) = ExtHiB)/a3o and <El > o FEEEIXmIY (A)

& : -symp · form n ey -[pXm), EEk(R)

2e-Lit
=> Eco-symp . sphere rep. E .



2 : < = (i) w so
,

GEKo
, FEEER(XR)

A 30 s .
t.B

=> Cs = Misa) <[RSXm) After rescaling ,
assumeMeQ

Pick aQ S.
t .
adi, < = Mia) satisfies &30 ,

d'E30

VEEEk(Xk)

Ewsymformon by closed out . Wa- Symp - surface

=>Xg + sux' + [k(Xn) /Continuous family of Lymp . str have

inflation the same c)

=>
n

=-
For s large enought a
=> G-[k(Xm) by 11) 12) .

So (A) holds

Note that : 6 [k(XR) = 2. [rIXR)H G2[c(XR)

2. ((Xk) = [atHYXRiR)/x* 0
,

x(E)30 , FEEEplXR) and SCE)
= 0 for someEEER

22[k(XB) = [x + H2(XRiR)) C= 0 ,
&Elo ,

YEEEx(XmIY

So (2) < 13) by (A).

13) <(4) : G = Cial ,
E = (dim) Go off wall zu

&Eik, o eff di30
k

& (E) 0nffZaiMin
K . E = 1 if Emi = 3 d-1

i= 1

E . E = -1 iffm =d



↓ EFE'CER(Xn) , Ecc[pIXm) Citin E,
E' are rep . by wo-symp .

5

=> E = (d; mu)E3k(Xm) -SE, ERY
,
Mi = E - Ei -0

i=> d 1 since 3d-1 = Mi

To understand thegeometric meaning of "reduced to 10; 0.... 0
, -1) by Cr

.

"

consider Deha twists alongt2)-sphere.

M4SES2 w/S . S = -2
,
USE DITS = GIXIV)CREXIR/T
E

Dehn twist alongS

(cos(tit)X + Sin(ti) ,

- Nullsin()x+ cos(t)v) v + 0

TgIX ,N) = S
( - x , 0)

V = 0

Here t= 1- lull . Tg is given by unit geodesic flow of 52.

After smoothing , TE Deff(M1 · TSFida .

Tg * (B)
= B- 2 A = B + (AB)A where A = [S) ,

BEHMi

E
.g.

M = X R
,

·A = L-ErEz-Eg is wep. by a smooth SE

wESx(Xk)

TSA = Cr .
In fact ,

A can be rep by a Lag. spheres for w) r(A) = o

Andis can be made into a symplectomorphism
called Dehn-Seidel twist.

Cr and transposition EistEj preserve
K and intersection form

and they are induced by diffeomorphisms
=> Std. Cr.

moves preserve Ep(XR)



Lemma3 (Le -(i) Xm (R33)

F(d ; i) Satisfying Diophantine eg . (A)

(dim) Eis(XR) off it reduces to 10% 0, ..., 0
, -1) by sed.

Cr moves.

Pf. ( is clear .
Let's prove (E)· Suppose (dim-Ex(Xm)

-

d decreases under sid. Co moves . Stopwhend is min .< anddims reduced-

If <dim) tEp
is reduced ,

then Edin : E30 FEEEK (combinatorial argument

But (dim) has self-intersection - 1 .

Contradiction. #

Emks
Ball packing in high dim (No SW invariant (

&onj X n > 3
,
Ri "i Rh ,

REIRSO , TFAE :

R

(1) EHBMIRs] <> B2"JR)
i=1 symp

(2) Ri +... + R&< R (volume obstruction)

and RitRj < R #Isijak (two ball obstruction)

12) Ball packing in other symp.refd

E
.g.

) Unobstructed (

Thm9 (Entor- Verbitsky)
-

M = j2w/ Kahler form w or IHS hyperkahlermed us hyperkahler

symp · form w => UN (M ,
w ; Bi) = 1 #Ns)



· Relation with Nagata's Conjecture

Conj (Nagata # "very general" Epts
XR,9 ,

Ek pts p , ...,PltCI s .
t . - irreducible alg . curve CKIP

-

passing through each pt . Pe my multiplicity mi EIN
, one has

k

degsc)> Mi

· Nagata proved it when h is a square .

Other cases remain open.

· For k = 2 , 3 ,5,
6

, 7, 8 ,
theConj is wrong . (Nagata

#so >McDuff
- Polterovich)

Nagata's conj. is true for someR .

=> I a full symp- packing of B4 by R equal-sized
balls.

&f. XR = blow-up of DIP2 at p, ..., PR

TakeM ,
GIN S

.

t
.F and is arbitrarily close to F

k

P : =gl-Me
① p . p = x2kno

k

② Kirr. curve JEXR my [2) = dL-] Mi Ze
i= 1

=> sp.[ =-umi=M
- -

>JR [Jk

So by Demailly
- Paun's Thm,

D is a kahler class. PEC) =-
=> = full packing b equal-sized balls. A



Anotherproof of Thm8 111 = (4) Using ECH capacity (Hutchings)

(X*2) Liouville domain : w exact and contactforma on 2 x ey dx = robx
xndx o

u o = co(X,n) G(X, Wis ... - D ECH capacities .

ECH

· If (o,Wol (IntIXiTiw) => ((X,
Wol < (, ]NrWil (fb)

and ""when Cp/Xo,
wol

· (p)(X Will =max&Wi
· Ela , b) = [(z , z2)+(2)RE ,

B(a) = Ela,

Ja , b) := b
+"
smallest entry in the matrix Jamebu)mine

GB)Era , bi) = (a ,birt Cr/Bla)) = da where d is the unique integer

w/dd
&
Prop IfEB1> BJM) , thenaimi

for -m , ,
. .

., Mn , d Zso (not all zerol satisfyingitmil -Ed

If Let ki = (mitmil/ ,
b= ki ,

R=

AimSpBa)Can)CBM) XCSBMy
=Md



3. Developments & open problems in symplectic embeddings.

(1) Stability of ball packing
(M2, 2)

,
vol /M , wix

,
D & I

& bounded domain ,
n : = 90 >01EXDSMR

-

D-packing number -
,
/M , wiD) : = sup

RVOSAD)

XENR Vol IM, w)

/Biran , Base-Hind-Opshtein)

V closed symp 4-mfd (M ,m) ,
ENoEI S

.

t.

FN > No
,
UN (M ,

c ; B41) = 1 (B-packing stability

Thm)Buse-Hind) [W] -H(m; Q)
-

- balls , ellipsoids, polydiss,
national closed symp.mfd.

have E-packing stability for every ellipsoid E.

Long # Symp . Mfd Mr of finite vol .

have D-packing stability

for E bdd domain
D&IB

(2) Gromov width

Wq(MYc) : = SupSi@lB(al ->Mic14
symp

Q : (M,w) closed symp . S.
t . [u] = @sc) ,

is WGSM ,11 ?
-

(True when dimm = 4 (MESS2, KP#K(68)

&? I closed M w/ symp . forms [Wi] = [W2] but WGIM , Wi) FWE(M, (a)



(3) Ball esotopy

Th(McDuff)

M =
,
KIp#b Sk201/ symp. form co or 1B4, wo

=> To JEmb(BIxi) ,M1) = 514 ·

Q 13 3 .

Is there os 52) S .
t . No /Embs)Bal , B24(1)) = Gr ?

Q :? Aged (M, 20) and 270 S
.
t

. No /Embs) Brr) ,M1) #112

-

E. g. > Symplectic camel)

Es := IRm - (z/X1 = 0, & E
nonisotopic balls

in

my sympleatic form wo
JEs , Wol

=> Embs)Bsr) , Es) is disconnected for us
.

=>(Es , Wol EsympSIRY wo)
"exotic symposer .

"

(4) Symp, emb . of other shapes.

Q : NEW,
a = 191,

"An)ElB" my o < a, az--- An

-

Elal : = GE = (z)"-En)EC"Pol / symp - form wo

When do we have E(a) -> Elb) ?
symp

· n = 1 Ela)
,TElbl eff ab i

· N= 2 Define o < G(a) < Gla)x ... by ordering [M , dituaz)Mito,
Menzzol

JECH capacity ( with multiplicity.



&m Hutchings , McDuff

=> E(al-Elb) off Cp(a) < Cp > b)
,
EREIN "Hofer Cony"

symp

· n2, 3 widely open . Analogue of Hofer's Conj is False
.

(Guth

Q : P(ai, --

, an) = D(ai) X -
-- XDjan) <IBM polydish my anc---can

-

IfA Play---,anP(bi - bu) ,
then ab , by monsqueezing the

↑ Eb >o Sit . Pl , a ,a) Psb,b, d) Fail YES (Guth , Hind-Kerman)

symp > b =2

↑ = bXS.
t

. P(1, +, d) 20 Psbibio) YES (Pelayo-Ngoal
symp

C(x2) = 5
=

c(H)

=> No intermediate symp , capacities w/

S n5V = c(u) = G(y)

os()B
*

(1) < X

s (B11xn-k) = 0 for some k 1



Appendex : Preliminaries in Symplectic Topology
-

ThmAl (Moser stability

M closed ,
smooth .

W+(0 = + = 1) symp . forms on M / [W] = Two

-

=> E C3 family of diffeomorphisms to of M St. No id , Net= wo.

A2 (Symplectic nbhd , Weinstein) E

j = 0 , 1 &g
-> (Mj , Wy) < pt . symp - submds. E NQONO↓

=> p extends to a sympleatomorphism (Qo,Wol1Q ,wi

S

& : JUQ ,
0. ) Es (VQ ,

w.) such dy = 6 on NQo = (TQo)
+

&PASSt J ,
WWfs

:i

Ch

JKIP", WES
S = [10 :M : ...: Un] EDIUY EKIPh+

=> fo : (BY , Wa) -> (CIPYS , ufs) is a symplectomorphism

(E1...zn) [JFR : z:
. . : En)

ThmA4 (Gromor-McDuff)

wo symp . form on CIP2
,

S & KIP2 symp, sphere

=>SKIP2,
S , w)* (CIP2 CIP

, W =MWfs) HereMr=gw
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